Let L be a second order linear partial differential operator of elliptic type on a domain fl of IR m with coefficients in C(R)(fl). We consider the linear space of all solutions of %he equation Lu 0 on fl with the topology of uniform convergence on compact subsets and describe the topological dual of this space. It turns out that this dual may be identified with the space of solutions of an adjoint equation "near the boundary" modulo the solutions of this adjoint equation on the entire domain.
INTRODUCTION AND PRELIMINARY NOTIONS.
Let H(R) denote the linear space of harmonic functions on a noncompact Riemann surface R with the topology of uniform convergence on compact subsets and let us consider the linear space H(R)' of all continuous linear functionals on H(R). Nakai and Sario [1] showed that this dual can be identified with a quotient space of harmonic functions as follows: H(R)' H((R).)/H(R), where (R), represents the Alexandroff ideal boundary point of R and where H((R)) is the space of germs of functions "harmonic at (R)".
In this work we replace H(R) by the space of solutions of a linear partial differential equation and look for a similar description of the corresponding topological dual. We now introduce these solutions.
Let fl be a domain (open connected subset) of IR m with m >_ 2. We consider the following linear partial differential operator with real valued coefficients aij aji, fli and c in C(R)(), 
The operator L defined by (1.5) is called the adjoint of L.
,
We denote by L(f) the set of all solutions of Lu 0 on f and by L (f/) the set of all solutions of L u 0 on f/. The set L(f/) is a locally convex linear subspace of the locally convex topological linear space C0(f/). We endow L(f/) with the topology of uniform convergence on compact subsets of f/ and we denote by L(f/)' the linear space of all continuous linear functionals on L(t)
We wish to describe L(f/)' In the next sections we shall identify this dual space with a . certain quotient space by using a formula which relates the two operators L and L In the remainder of this section we state this formula and refer the reader to Miranda If u or v in (1.6) has compact support then we obtain a formula which justifies the , terminology used for L 2.
SPACES OF GERMS AND STATEMENT OF THE DUALITY THEOREM.
In order to describe our dual space L(fl)' we need to introduce now some terminology and to make some remarks.
We shall say that a subdomain D of f, relatively compact and having a C ( , then we say that (u,U) (or simply u) is a solution at infinity of L u 0.
Let U 1 and U 2 be two neighborhoods of infinity and let (Ul,U1) and (u2,U2) be two . solutions at infinity of L u 0. Then we say that u 1 and u 2 are equivalent if there exists a neighborhood of infinity in U Iq U 2 on which u I and u 2 coincide. The equivalence classes so obtained are called germs of solutions at infinity and we denote by L ((R)) the linear space of . germs of solutions at infinity of L u 0. Here the symbol (R) (R)f2 represents the point such that 12 13 {(R)} is the Alexandroff compactification of 12. Therefore a germ [u] belongs to L ((R)) if L u 0 on a (punctured) neighborhood of (R) in fl.
Uniqueness properties for solutions of elliptic equations were studied in a large number of works and one can obtain several references about this in Miranda [3] . The statement that follows comes from Agmon [4, page 151].
UNIQUENESS THEOREM. Let L be a second order linear partial differential operator of elliptic type on a domain 12 of Im with coefficients in C(R)(t2). If a C 2 solution u of Lu 0 has a zero of infinite order at a point in 12 then u 0.
In view of the uniqueness theorem we may identify a solution u e L (12) with the germ * , ,
[u] E L ((R)). The mapping from L (fl) to L ((R)) which maps each u to its equivalence class , [u] is indeed injective because if [Ul] [u2] with u 1 and u 2 in L (12) then u 1 u2. vanishes on a neighborhood of infinity and, therefore, identically on 12 by the uniqueness theorem.
Let W 1 and W 2 be two normal subdomains of 12 and let u and v be two functions of class C 2 satisfying Lu =0 and L v=0 on a neighborhood of 12\Wj, j= 1,2. Then by applying Green's identity (1.6) on W0\W where W 0 is a normal subdomain such that W LI W 2 c W 0 we obtain, for 1,2, (2.5)
A representation similar to (2.5) was obtained by M. Nakai, L. Sario [1] for harmonic functionals on noncompact Riemann surfaces. When the operator L is self adjoint, as it is in the harmonic case, then the isomorphism (2.4) reduces to the one of Nakai, Sario.
3.
SOME TOOLS.
In order to make easier the reading of the proof of the duality theorem, we present in this section, some of the results that will be used in the next sections.
The first result is an extension, to solutions of second order linear partial differential equations of elliptic type, of the classical Runge approximation property for harmonic functions.
The statement that follows comes from Lax [5, page 760].
LAX'S EQUIVALENCE THEOREM. Let L be a second order linear partial differential operator of elliptic type with C (R) coefficients in a domain t of Rm and let D be a normal subdomain of f. Every C 2 solution of Lu 0 in D is the uniform limit on compact subsets of D of a sequence of solutions of Lu 0 in ft if and only if every solution of the adjoint , equation L u 0 vanishing on a hypersurface S and whose conormal derivative vanishes on S is identically zero.
The existence and the properties of fundamental solutions for elliptic operators will also be used. We now recall the main facts connected with them and, as in section 1, we refer the reader to Miranda [3] for additional information on the remainder of this section.
Let (aij) be the matrix of coefficients of the principal part of L. We denote by Aij the elements of the inverse matrix of (aij) and by A the determinant of (aij) We set, If r Ixyl then in every relatively compact subdomain of l'l we have by (1.3),
o"X. 0x.
A function E(x,y) will be called a fundamental solution of the equation Lu 0 (L u 0) on a domain W if it satisfies the following properties" i) E(x,y) and all its partial derivatives of first and second order with respect to the coordinates x of the variable x are continuous on W W outside the diagonal.
ii) E(x,y) and all its partial derivatives of first and second order with respect to the coordinates x of the variable x satisfy, for some A > 0, the following bounds, =k extends v to an element of L (Wt+k\S/). Such an extension being possible for every k, we , see that v extends to an element, still denoted by v, of L (fl\S#).
Thus by applying Green's identity on a subdomain D such that S# c D C I3 C W to an element u e L(fl) and by using (4.6) we have, Let us denote by ker F the kernel of the mapping (4.1). In order to complete the proof of , the duality theorem, we have to show. that ker F L fl). [8, page 66, theorem 3], we have O+/-" . But since we already know that O x , [a, pages 77 and 78], we conclude that q, Z +/-By (5.4), 0(v-h)/0u L e S Therefore, there exists h 0 e C2(") satisfying L h 0 0 in W,h 0=0 on 0W and 0(v-h)/& L=0h0/&, L on 0W. By setting h l=h+h 0,weobtain , an element of C2(W) satisfying L h 0 in W and v-h 0(V-hl)/OlJ L 0 on 0W.
Let " be the function on fl\OW which coincide with v on fl\W and with h on W Then by the preceding remark " extends continuously to the entire domain ll and satisfies the following relation, (x)L()dx 0, 
